We present a general analysis of extensions of the Standard Model which satisfy the criterion of Minimal Flavour Violation (MFV). We define this general framework by constructing a low-energy effective theory containing the Standard Model fields, with one or two Higgs doublets and, as the only source of SU(3) 5 flavour symmetry breaking, the background values of fields transforming under the flavour group as the ordinary Yukawa couplings. We analyse present bounds on the effective scale of dimension-six operators, which range between 1 and 10 TeV, with the most stringent constraints imposed by B → X s γ. In this class of theories, it is possible to relate predictions for FCNC processes in B physics to those in K physics. We compare the sensitivity of various experimental searches in probing the hypothesis of MFV. Within the two-Higgs-doublet scenario, we develop a general procedure to obtain all tan β-enhanced Higgs-mediated FCNC amplitudes, discussing in particular their impact in B → ℓ + ℓ − , ∆M B and B → X s γ. As a byproduct, we derive some two-loop tan β-enhanced supersymmetric contributions to B → X s γ previously unknown.
Introduction
The Standard Model (SM) is a successful effective theory of particle interactions valid up to some still undetermined cut-off energy scale Λ. The goal of the search for physics beyond the SM is to find evidence for effects that are present in the theory with a finite value of Λ, but disappear in the limit Λ → ∞. The theoretical argument based on a natural solution of the hierarchy problem requires that Λ should not exceed few TeV, in order to stabilize the Higgs mass parameter. Experimental searches mostly provide lower bounds on Λ. Evidence for neutrino masses and limits on the proton lifetime push the effective scale of baryon and lepton number violating interactions close to the GUT scale. Limits on electron and neutron electric dipole moments require that the scale of (flavour-conserving) CP violation is larger than 10 7 GeV, while the K 0 -K 0 mass difference sets a lower bound of about 10 6 GeV on the scale of ∆S = 2 flavour transitions. Generic contact interactions that preserve all selection rules are limited by LEP data, and their effective scales have bounds in the 1-10 TeV range.
If we insist with the theoretical prejudice that new physics has to emerge in the TeV region, then we have to conclude that the new theory is highly non-generic and we should use the lower limits on Λ to constrain its form. In particular, B, L, and CP have to be approximate symmetries of the new theory at the TeV scale. The case of the flavour symmetry is less straightforward. Indeed the U(3) 5 flavour symmetry of the SM gauge interactions is already broken by Yukawa couplings. Therefore, it does not seem very plausible to impose that the new interactions respect flavour, a symmetry which is not realized in the SM, i.e. in the low-energy limit of the new theory. On the other hand, generic flavour-violating interactions at Λ ≃ TeV are experimentally excluded.
The most reasonable solution to this impasse is to impose that the effective theory respect what we call Minimal Flavour Violation (MFV). Although more rigorously defined in section 2, MFV essentially requires that all flavour and CP-violating interactions are linked to the known structure of Yukawa couplings. This concept is a familiar one in the case of supersymmetry, where this hypothesis is often adopted. In this paper we take a more general point of view: we show how the MFV hypothesis can be consistently defined independently of the structure of the new-physics model, we describe the generic form of an effective theory obeying this hypothesis, and derive the present constraints on the characteristic scale Λ. As shown in section 4, we find that the constraints vary from 1 TeV to about 10 TeV, with the strongest bound coming from B → X s γ.
In the context of MFV it is possible to relate various flavour-changing neutral current (FCNC) processes. Not only is this possible within the B or K systems, but one can also relate predictions for B processes to K rare decays. This can be achieved because, as shown in section 2, MFV implies that all flavour-changing effective operators are proportional to the same non-diagonal structure. In turn, this is a consequence of the top Yukawa coupling being much larger than all other Yukawa couplings.
An interesting novelty emerges in models in which the low-energy limit is not simply described by the SM, but it is enlarged to contain two Higgs doublets. If tan β (the ratio between the two vacuum expectation values) is large, then the bottom Yukawa coupling can become comparable to the top-quark coupling and the operators of the MFV effective theory contain a second non-negligible flavour-violating structure. Particularly interesting is the case in which the masses of the new Higgs bosons are smaller than Λ, since the new effects are perturbatively computable. In section 6 we derive the form of the currents coupled to the neutral and charged Higgs bosons, including all terms enhanced by tan β and in section 7 we discuss their phenomenological implications.
We believe that the description of flavour violations in terms of an effective theory is a useful tool to analyse future data on B and K mesons. When deviations from the SM predictions are observed, the comparison among various processes will indicate if they can be described in the general framework of MFV, or if they require new flavour structures. This will be a crucial hint to identify the correct theory valid above the cut-off scale Λ.
In the case of supersymmetry, the MFV hypothesis is valid when the scalar-mass soft terms are universal and the trilinear soft terms are proportional to Yukawa couplings, at an arbitrary high-energy scale. Then the physical squark masses are not equal, but the induced flavour violation is described in terms of the usual CKM parameters. In this case, the coefficients of the MFV operators described in section 3 can be perturbatively computed in terms of supersymmetric masses. However, given the large number of free parameters in a supersymmetric model, the effective-theory description can still be useful as a bookkeeping device. For instance, in section 7 we show how this approach provides a simple systematic tool to identify tan β-enhanced Higgs-mediated FCNC amplitudes and, using it, we identify a contribution to B → X s γ which so far has not been discussed in the literature. On the other hand, the effective-theory language becomes compulsory to address the flavour problem in models with non-perturbative interactions at energies Λ, like in scenarios with lowenergy quantum-gravity scale. In section 5 we shall briefly discuss the natural size of the effective operators expected in some of these models.
Minimal Flavour Violation
The SM fermions consist of three families with two SU(2) L doublets (Q L and L L ) and three SU(2) L singlets (U R , D R and E R ). The largest group of unitary field transformations that commutes with the gauge group is U(3) 5 . This can be decomposed as
where
Out of the five U(1) charges, three can be identified with baryon (B) and lepton (L) numbers and hypercharge (Y ), which are respected by Yukawa interactions. The two remaining U(1) groups can be identified with the Peccei-Quinn symmetry of two-Higgs-doublet models [1] and with a global rotation of a single SU(2) L singlet. Rearranging these two groups, we denote by U(1) PQ a rotation which affects only and in the same way D R and E R , and by U(1) E R a rotation of E R only. The breaking of these two U(1) play an important role in flavour dynamics in models with more than one Higgs doublet, where the source of the breaking can be controlled by fields different than those that generate the Yukawa couplings. This case will be analysed in section 6.
In the SM the Yukawa interactions break the symmetry group SU
We can formally recover flavour invariance by introducing dimensionless auxiliary
This allows the appearance of Yukawa interactions, consistently with the flavour symmetry
where H c = iτ 2 H * and H † H = v 2 /2, with v = 256 GeV. Notice that eq. (4) describes the most general coupling of the fields Y to renormalizable SM operators. Indeed, couplings of Y with the kinetic terms of quarks and leptons can be eliminated with a redefinition of the fermionic fields, and Yukawa interactions with more Y insertions can be absorbed in a redefinition of the fields Y . Using the SU(3) 3 q ⊗ SU(3) 2 ℓ symmetry, we can rotate the background values of the auxiliary fields Y such that
where λ are diagonal matrices and V is the CKM matrix. We define that an effective theory satisfies the criterion of Minimal Flavour Violation if all higher-dimensional operators, constructed from SM and Y fields, are invariant under CP and (formally) under the flavour group G F . In other words, MFV requires that the dynamics of flavour violation is completely determined by the structure of the ordinary Yukawa couplings. In particular, all CP violation originates from the CKM phase.
It is easy to realize that, since the SM Yukawa couplings for all fermions except the top are small, the only relevant non-diagonal structure is obtained by contracting two Y U , transforming as (8, 1, 1) . For later convenience we define
The off-diagonal component of a generic polynomial P (Y U Y † U ) is (approximately) proportional to λ FC . Therefore, λ FC is the effective coupling governing all FCNC processes with external down-type quarks.
The MFV dimension-six operators
In this section, we want to construct all possible dimension-six FCNC operators, in the context of an effective theory with MFV. For processes with external down-type quarks, three basic bilinear FCNC structures can be identified:
Expanding in powers of off-diagonal CKM matrix elements and in powers of small Yukawa couplings, it is easy to realize that the only relevant bilinear FCNC structures arē
Although suppressed by λ d , the LR term has to be kept because of its unique SU(2) L transformation property. Similarly to the SM case, FCNC involving external up-type quarks are absolutely negligible in this context, because of the smallness of down-type Yukawa couplings.
We are now ready to build the complete basis of gauge-invariant dimension-six FCNC operators (relevant for processes with external down-type quarks), obtained by breaking G F only by means of the background values of Y . These can be classified as follows.
• ∆F = 2. Non-negligible ∆F = 2 structures are of the type (Q L λ FC γ µ X a Q L ) 2 where X a denotes either the identity or a generator of SU(3) c ⊗ SU(2) L . In principle, these lead to four independent operators. However, once we restrict the attention to down-type quarks, by use of Fiertz identities all these structures turn out to be equivalent and we are left with a single independent term, which we choose to be
• ∆F = 1 Higgs field. Neglecting terms which are suppressed by quark masses via the equations of motion, we are left with the following two operators
• ∆F = 1 gauge fields. The couplings of the currents (8) to the gluon field are
In principle, one could write similar structures for the electroweak gauge bosons. However, after the spontaneous breaking of SU(2) L ⊗ U(1) Y , the only terms relevant for low-energy processes (p 2 ≪ v 2 ) are those involving the photon field, namely
• ∆F = 1 four-fermion operators. The operators involving leptons are
The operators involving only quarks are
The number of independent ∆F = 1 terms is substantially reduced once we consider the spontaneous breakdown of the gauge group, we integrate out off-shell gauge fields, and we restrict the attention to the down-type component of the terms between square brackets. This corresponds to project the O i into the SM basis of FCNC operators:
The sum on the r.h.s. of eq. (15) includes 13 terms (see appendix B), namely four QCD-penguin operators (Q 3...6 ), four electroweak-penguin operators (Q 7...10 ), magnetic and chromo-magnetic dipole operators (Q 7γ and Q 8G ), and three quark-lepton operators (Q 9V , Q 10A and Q νν ). In this approach, the projection (15) defines the leading non-standard contributions to the initial conditions of the C i at the electroweak scale. Note that the normalization of the r.h.s. of (15) is such that the pure electroweak contribution to the C i (M 2 W ) is of order one. Since we assumed that CP is broken only by the background values of Y , the a i coefficients are real.
Defining
in the case of quark-lepton and electroweak-penguin operators we find
and ǫ Z = (ǫ H1 + ǫ H2 )/2. Some comments are in order:
• The seven combinations of ǫ i appearing in eqs. (17) (18) (19) (20) (21) (22) (23) are all independent (even if the suppressed term between square brackets is neglected). This result was not obvious a priori, since the Q i basis is not SU(2) L ⊗ U(1) Y invariant.
• The leading SM contribution to the above C i , at the electroweak scale, can be expressed as
where X, Y and Z are the O(1) loop functions defined as in [2] . Thus, in general, the nonstandard contributions cannot be re-absorbed into a redefinition of the SM electroweak contributions.
• Since the ǫ i appear with O(1) coefficients in eqs. In the case of C 3...6 the SM contribution is strongly enhanced by QCD and is likely to obscure any effect of the ǫ i , if these are O(1) or smaller. On the other hand, the ǫ i have a potential non-negligible impact on the initial conditions of dipole operators,
whose SM contributions are
The loop functions D ′ 0 and E ′ 0 are given in [2] . The last term needed for a complete analysis of the flavour sector is the universal modification of ∆F = 2 amplitudes. This leads to
so that C SM 0 (M 2 W ) = S 0 (x t )/2 [2] . In conclusion, the leading non-standard FCNC effects in (one-Higgs doublet) models with MFV can be described in terms of the ten independent ǫ i combinations appearing in eqs. In generic models with MFV, the CKM matrix can still be determined with good accuracy [5, 6, 7] . Employing the improved Wolfenstein parametrization [8] , λ and A are completely determined by tree-level processes and onlyρ andη are potentially affected by new physics. The data used to constrainρ andη are |V ub |, determined from a tree-level transition, ∆M B d /∆M Bs , a CP J/ΨK , ∆M B d and ǫ K , which are sensitive to ∆F = 2 amplitudes. If the modification of ∆F = 2 amplitudes is induced only by the operator O 0 in eq. (9), then the ratio ∆M B d /∆M Bs remains unchanged and the relation between a CP ΨK and sin(2β) can only be modified by an overall sign [7] . In fig. 1 (left) we show the result of aρ-η fit where C 0 (M 2 W ), or the Wilson coefficient of O 0 at the electroweak scale, is treated as a free parameter. As can be noted, in addition to the standard solution withη > 0, also a solution withη < 0 appears. The latter arises from the fine-tuned scenario where C 0 (M 2 W ) is about equal in magnitude to the SM case but has the opposite sign. The solution withη < 0 is somewhat disfavoured, as can be more precisely seen in the right panel of fig. 1 The * signals the cases where a significant increase in sensitivity is expected in the near future.
charm mass cannot be neglected because is enhanced by infra-red logarithms, the new physics contribution to ǫ K is dominated by the top, see eq. (6). This breaks the (C 0 ,η) ↔ (−C 0 , −η) symmetry of all other observables.
The low-quality solution withη < 0 is obtained for Λ ≈ Λ 0 . Barring this fine-tuned possibility, the results in fig. 1 can be translated into a bound on the effective scale of the nonstandard ∆F = 2 operator, reported in the first row of table 1. It will be difficult to improve these bounds in the near future, because hadronic uncertainties on the matrix elements of ∆S = 2 and ∆B = 2 operators are the main limiting factor. Even with O(1%) experimental uncertainties on a CP ΨK and ∆M B d /∆M Bs , the ∆F = 2 bounds on Λ will remain below 10 TeV as long as the theoretical errors on the matrix elements will remain above 10%. The constraint from |V ub /V cb | (circle centered on the origin) around the best fit regions is consistent and tangent to the constraint from a CP ΨK (rays originating fromρ = 1), and therefore has little impact in the global fit.
B → X s γ
The inclusive rare decay B → X s γ provides, at present, the most stringent bound on the effective scale of the new FCNC operators. Taking into account the new precise measurements reported by CLEO [9] and Belle [10] , the world average is 
As is well known, NLO QCD corrections play a rather important role in this process. For this reason, we will assume that δC 7γ,8G , defined in eq. (16), describe the deviations of C NLO 7γ,8G (M 2 W ) from their SM values, although this is formally not correct since QCD corrections to the new effective operators have not been included. The full NLO expression for B(B → X s γ) (see refs. [11, 12, 13] ), used in our numerical computation, can be approximated as
Since the error in eq. (28) is largely dominated by low-energy dynamics (in particular by the value of m c ), we ignore the correlations between B(B → X s γ) SM and the coefficients on the r.h.s. of eq. (29) . Combining all errors in quadrature and setting, alternatively, δC 8G = 0 or δC 7γ = 0, we obtain the fits shown in fig. 2 and the bounds reported in table 1. Also in this case there is a particular value of Λ for which we obtain the condition In presence of both δC 8G = 0 and δC 7γ = 0 there can be cancellations between their effects, giving rise to two allowed bands for their coefficients. When studying processes related to
Relative matrix element for B s vs B d mixing B K = 0.87 ± 0.06 matrix element for K mixing
RGE factor for cc-induced K mixing η 2 = 0.57 ± 0.01 RGE factor for tt-induced K mixing η 3 = 0.47 ± 0.04 RGE factor for ct-induced K mixing η B = 1.38 ± 0.25 RGE factor for B mixing Table 2 : Data used to produce the CKM fit in fig. 1 . The probability distribution of ∆M Bs , as well as input values not reported above, are taken from [4] .
b → sγ, such as b → slℓ, one has to keep in mind that the effective constraint is that the renormalized coefficient |C 7γ (m b )| must be very close to the its SM value.
It is interesting to compare the limits on the effective scale of O F 1 with limits on flavourdiagonal dipole-type operators. Since we assumed no new sources of CP violation, we get no useful bounds from electric-dipole moments. On the other hand, the anomalous magnetic moment of the muon does provide a bound on the operator eH † Ē R λ ℓ σ µν L L F µν . Taking into account theoretical and experimental uncertainties, the limit on its effective scale is around 2 TeV, much weaker than in the B → X s γ case.
We finally note that in this approach the stringent constraints from B → X s γ can directly be translated into bounds on non-standard effects in s → dγ and b → dγ transitions. The former could in principle tested by CP-asymmetries in K → ππγ decays [14] . However, due long-distance contaminations, only an order-of-magnitude enhancement of the short-distance amplitude could eventually be seen in K → ππγ: the constraint from B → X s γ implies this cannot occur in MFV models. More promising from the experimental point of view is the inclusive B → X d γ rate, whose bound in MFV models is shown in table 3.
Rare FCNC decays into a lepton pair
These processes provide constraints on the three Wilson coefficients C νν , C 9V and C 10A which, in turn, receive non-standard contributions from O H1,H2 , O F 1,F 2 and O ℓ1...ℓ3 , as shown in eqs. (17)- (19) . The simplest cases are the decays into a neutrino pair, sensitive only to C νν , or the helicity suppressed pure-leptonic decays [K L (B) → ℓ + ℓ − ], sensitive only to C 10A .
Concerning νν modes, the most significant bounds come from B(K + → π + νν). Using the SM expression of this observable [16] and treating C νν as a free parameter, the recent E787 
leads to the 99% CL limit
These bounds are still rather weak, corresponding to effective scales of the new physics operator around 1 TeV, nonetheless they already imply significant bounds on B(K L → π 0 νν) and B(B → X s νν), as shown in table 3 (see also ref. [18] ). In few years, at the end of the E949 experiment, assuming that the central value of B(K + → π + νν) will move towards the SM prediction, we can expect to probe Λ from this observable up to about 3 TeV, a sensitivity comparable to the one of electroweak precision data on the corresponding flavour-diagonal terms. At the end of the CKM experiment, with a 10% measurement of this branching ratio, the search on Λ could be pursued up to above 5 TeV. As illustrated in fig. 4 , a sensitivity above 10 TeV could in principle be reached by a measurement of B(K L → π 0 νν) with a precision of few percent around the SM value, since this rate is free from the theoretical uncertainty due to charm contributions.
The most interesting constraint on pure-leptonic decays is provided by K L → µ + µ − . The branching ratio of this decay is measured very precisely; however, this mode receives also a large long-distance amplitude by the two-photon intermediate state. Actually short-and longdistance dispersive parts cancel each other to a good extent, since the total K L → µ + µ − rate is almost saturated by the absorptive two-photon contribution. Taking into account the recent experimental result on B(K L → µ + µ − ) [19] and following the analyses of the long-distance amplitude in [20] , we shall impose the conservative upper bound
that we shall treat as an absolute limit. Employing the SM expression of B(K L → µ + µ − ) short [2] and taking into account the uncertainty of the CKM fit, this information can be translated Observable 99(90)% MFV limit determined by 90% Exp. limit [15] 
We then conclude that the present level of precision reached by K L → µ + µ − and K + → π + νν is comparable, although the bounds from the former process are still more stringent. However, it should stressed that in the K L → µ + µ − case the limiting error is theoretical and very difficult to substantially improve in the near future.
Differential rate and forward-backward asymmetries in B → X s ℓ + ℓ − offer, in principle, the possibility to disentangle the contributions of both C 9V and C 10A , as well as their relative sign with C 7γ [21] . Experiments are still far from such a detailed analysis, nonetheless recent data from Belle [22] and Babar [23] already start to provide significant constraints on these coefficients. Referring to [24] for a detailed discussion of the interplay of the various measurements, here we shall limit to analyse the consequences of the most interesting result, namely
Employing the B → K form factors in [25] , the B → Kℓ + ℓ − rate can be fitted using the following approximate expression
where the overall normalization is affected by a 30% theoretical uncertainty. The ± term in eq. (35) corresponds to the small contribution of C 7 (m b ), after the B → X s γ constraint has been imposed (the negative sign corresponds to the SM solution). Setting to zero the vector contribution (i.e. in the most conservative scenario) we find a 99% CL bound on C 10A slightly more stringent than in eq. (33):
Given the important role of hadronic uncertainties in the derivation of both eq. (36) and eq. (33), we do not combine these two constraints on C 10A : the MFV bounds on B → ℓ + ℓ − reported in (35) we also derived a rather stringent bound on the direct-CP-violating contribution to K L → π 0 e + e − , sensitive both to C 9V and C 10A [2] .
The constraints on C νν , C 10A and C 9V can finally be combined to derive significant bounds on the effective scale of the dimension-six operators O H1,H2 and O ℓ1...ℓ3 . We report in table 1 the results of three representative cases: O H1 , which modifies in the same way C νν and C 10A , leaving C 9V almost unaffected; O ℓ2 , which increases or decreases simultaneously the three coefficients; O ℓ1 , which acts constructively on C 10A,9V and destructively on C νν , or viceversa (the first possibility is reported under the + sign in table 1).
Focusing on d i → d j νν transitions, we plot in fig. 3 the predicted rates for the K + → π + νν, K L → π 0 νν and B → X s νν decay rates in presence of the O ℓ1 operator. The left and right panels correspond to destructive and constructive interference with the SM contribution. The bands show the present one standard deviation uncertainty, combining all errors in quadrature. Improved determinations of the CKM parameters will make the predictions more precise. Since these modes are all affected by the same combination of effective operators, the presence of other operators, such as O H1 or O ℓ2 , induces only a rescaling of the horizontal axis.
In view of future precise measurements of rare modes, in fig. 4 we compare the effectiveness of different channels in setting bounds on the scale of O ℓ1 . This figure should be taken with some care since the bounds strongly depend on the central values of the measurements (here assumed to coincide with SM expectations) and the comparison is modified in presence of additional operators. However, some interesting conclusions can still be drawn. For instance, it is clear that in the short term an important rôle will be played by B → X s ℓ + ℓ − : a 10% measurement of this rate -within the reach of B factories -should lead to bounds on Λ up to above 5 TeV. On the other hand, K L → π 0 νν is probably the most interesting channel in a long-term perspective. 3
Non-leptonic decays
In principle also non-leptonic B and K decays could be used to put constrains on MFV operators: to obtain significant bounds it is necessary to disentangle the tiny contribution of electroweak operators (Q 7...10 ) from the dominant effects due to tree-level and gluon-penguin amplitudes (described by Q 1...6 ). Penguin-dominated B decays, such as B → Kπ, seems the most promising candidates for this program. However, theoretical and experimental uncertainties are still quite large and do not allow to extract competitive bounds at the moment. Hadronic uncertainties are drastically reduced in CP-violating time-dependent asymmetries, such as a CP ΨK . However, in the MFV scenario we do not expect significant effects on these observables due to the absence of new CP-violating phases. For instance, a prediction of the MFV scenario is that CP asymmetries in B → φK S and B → ΨK S decays are approximately the same, as in the SM.
Some concrete examples
In this section we want to discuss the relation between the MFV operators in our effective theory approach and the flavour-violating interactions in some commonly studied extensions of the SM (partly motivated by the hierarchy problem).
In supersymmetry, MFV is realized if R-parity is conserved, if the soft scalar masses are real and flavour universal, and if the soft trilinear terms are proportional to the corresponding Yukawa couplings (see e.g. [26] ). These conditions are not generic consequences of any mechanism of supersymmetry breaking, but can be naturally realized in certain scenarios, like in gauge mediation. Then the process of integrating out the supersymmetric particles at one loop gives rise to the SU(2)-invariant MFV operators, as long as the soft mass parameters are sufficiently larger than the Higgs vacuum expectation value. In this case, the coefficients of the MFV operators are computable in terms of supersymmetric particle masses. In view of the present bounds from LEP, b → sγ, g − 2 and ∆F = 2 processes, supersymmetric theories with MFV predict that new flavour-violating effects are typically very small, except for some specific corners of the parameter space, e.g. in the case of a light stop, or large tan β.
In technicolour theories, the generation of fermion masses leads to a chronic problem with flavour violation. In the absence of a completely successful solution, the MFV effective-theory approach seems well suited to compare experimental results with model-building attempts.
Models with a low quantum-gravity scale, based on extra-dimensional scenarios, are also a natural arena for the MFV effective theory [27] , since the underlying theory is unknown and its low-energy limit becomes strongly-interacting at a scale which is expected to be not much larger than the weak scale. In some cases the effects in extra-dimensional models are nevertheless computable. Tree level exchange of Kaluza-Klein excitations of the SM vector bosons, of the Higgs, and of the graviton do not give rise to significant flavour-violating effects. For instance, it is easy to realize that the exchange of the Higgs excitations can sizeably affect only 4-fermion operators involving the top quark, which are not relevant for our discussion.
As noticed in [28] , large tree-level flavour-violating effects mediated by Kaluza-Klein excitations of gauge bosons appear in models in which fermions are confined on different locations within a thick brane where gauge forces can propagate. Such models have been proposed to give a geometrical justification of the observed hierarchy of quarks and lepton masses [29] . The dangerous flavour-violating interactions are caused by the non-trivial profile of the excited gauge modes along the new dimensions, which leads to flavour-dependent couplings with the fermions situated at different positions in the extra coordinates. These models violate the MFV hypothesis, and indeed the limit on the mass of the first Kaluza-Klein gauge-boson mode is extremely stringent, of the order of 5000 TeV [28] .
Another possibility is that the SM fermions propagate in extra dimensions, while the ordinary Yukawa couplings are localized on a 3-dimensional brane (e.g. because the Higgs field is confined to the brane). In this case, tree-level exchange of the Kaluza-Klein quark excitations generates the MFV operator O H1 , among other less interesting operators. Assuming, for simplicity, one extra dimension compactified a circle 4 of radius R, the coefficient of the effective operator O H1 is π 2 R 2 /3, and therefore we find a limit R −1 > ∼ 2 TeV. Future data are expected to strongly increase the sensitivity to O H1 .
At first sight it appears quite problematic to impose MFV to a quantum-gravity theory with fundamental scale at the TeV. This is because we cannot play with a very high-energy scale to suppress unwanted flavour-violating operators. The most realistic attempt so far proposed makes use of the extra dimensions to solve the problem. It is based on locality (flavourviolating interactions are confined on one brane) and geometry (we live on a second brane, distant from the first one, and therefore we observe very suppressed flavour-violating effective interactions) [30] . In this scheme, to generate Yukawa couplings, it is necessary to have bulk fields, charged under the flavour group, which mediate the information of flavour symmetry breaking between the two branes. These bulk fields can also generate new flavour violating effects, which respect the hypothesis of MFV by construction. In the context of models with a warped extra dimension [31] , the emergence of bulk fields with flavour charge from the request of MFV has a nice interpretation through the AdS/CFT correspondence. Indeed, if we impose a global flavour symmetry on the 4-dimensional CFT, we find in the AdS picture, 5-dimensional bulk gauge fields for the flavour group and also Yukawa couplings promoted to scalar bulk fields [32] . Using this language, one can also understand the relation between the usual flavour suppressions due to operators with a very high-energy effective scale and suppression due to extra-dimensional locality, since the distance along the 5th coordinate is mapped into the renormalization energy scale of the 4-dimensional CFT.
Vector bosons of the SU(3) 5 flavour symmetry in the bulk generate, at low energies, various effective operators. Their tree-level exchange, in the case of a 5-dimensional theory, is particularly interesting since the coefficients of these operators are finite and computable. In the exact flavour limit (with the Yukawa couplings set to zero), the strongest constraint comes from the flavour-conserving operator 1 2 (Lγ µ τ a L) 2 , whose coefficient is limited by present data on muon decay to have an effective scale larger than Λ > ∼ 5 TeV at 99% CL [33] . Once we consider insertions of the scalar bulk fields Y U,D,E (whose background values determine the Yukawa couplings), then specific MFV operators are generated: the ∆F = 2 operator O 0 and some combinations of the ∆F = 1 four-quark operators. Operators giving rise to b → sγ are generated at one-loop level.
Yukawa interaction with two Higgs doublets
As anticipated, the two-Higgs-doublet (2HD) case is particularly interesting since we can separate the breaking of SU(3) 3 q , induced by the Y , and the breaking of U(1) PQ . The latter is usually invoked to forbid tree-level FCNCs, which would naturally arise if H U and H D can couple to both up-and down-type quarks. Indeed if H D has U(1) PQ charge opposite toD R , and H U is neutral, the U(1) PQ -invariant effective Yukawa interaction is
In this framework the smallness of the b quark and τ lepton masses is naturally attributed to the smallness of H D / H 
The U(1) PQ symmetry cannot be exact: it has to be broken at least in the scalar potential in order to avoid the presence of a massless pseudoscalar Higgs. Coherently with our general definition of minimal flavour-violating models, we shall assume that the U(1) PQ breaking does not induces new sources of SU(3) 3 q breaking. Despite this minimal assumption, we can still induce an important modification on the Yukawa interaction, allowing terms of the type
where the ǫ i denote generic SU(3) 3 q -invariant U(1) PQ -breaking sources. Even if ǫ i ≪ 1, the product ǫ i × tan β can be O(1), inducing O(1) corrections to L Y 0 [34] .
Since the freedom to redefine the Y has already been used to eliminate higher-order operators from L Y 0 , we cannot trivially ignore U(1) PQ -breaking operators with several powers of Y . However, we can still perform the usual expansion in powers of suppressed off-diagonal CKM elements. To first non-trivial order, this leads to the following modification of D R and U R Yukawa interactions
written in the basis (5) 5 for the Y and defining the Higgs doublets as
As discussed in specific supersymmetric scenarios, for ǫ i tan β = O(1) the U(1) PQ -breaking terms induce O(1) corrections to down-type Yukawa couplings [34] , CKM matrix elements [35] and charged-Higgs couplings [13, 36, 37] , and allows a sizeable FCNC coupling of down-type quarks to the neutral Higgs fields [38, 39] .
We shall proceed first with the diagonalization of down-type mass terms generated by L Y 0 + L ǫY D . Since ǫ i tan β can be of order one, we shall not make any expansion on these couplings. On the other hand, we shall perform the usual perturbative expansion in off-diagonal CKM elements. Then the diagonalization of down-type mass terms is obtained by the rotation
where Σ = tan β(ǫ 2λFC + ǫ 3λFC ∆ + ǫ 4 ∆λ FC )λ d and λ d defines the mass eigenvalues via the relation
5 The hat over V and λ i indicates that these quantities do not satisfy the usual relations to quark masses and CKM angles. We are working in a basis where the Yukawas in eq. (37) are written as Y D =λ d , Y U =V †λ u , whereλ d,u are diagonal matrices andV is a unitary matrix. Also we define (λ FC ) ij = (Y U Y † U ) ij when i = j, and equal to zero otherwise. We assume that both (λ u ) 33 and (λ d ) 33 are of O(1) and reabsorb possible polynomials of these variables in the definition of the ǫ i . The latter are assumed to be real.
The perturbations induced by L ǫY U on up-type mass terms are very small, since they are suppressed by ǫ i / tan β. In the limit where we neglect such terms, the up-type mass matrix remains unaffected by the U(1) PQ -breaking (λ u =λ u ) and its diagonalization is obtained by the usual rotation U L →V † U L . However, because of the rotation of D L in eq. (44),V does not correspond anymore to the physical CKM matrix (V ), which is defined by gauge chargedcurrent interactions to be V =V V D L . Keeping only the leading corrections, we find
In all other cases, to first order, V ij =V ij . Therefore, we also obtain
where λ FC is defined as in eq. (6) in terms of the physical CKM matrix. Because of the presence of two Higgs fields, with different vevs, the diagonalization of the mass terms does not eliminate scalar FCNC interactions. In the case of down-type quarks, the effective FCNC coupling surviving after the diagonalization can be written as
By construction, the neutral Higgs combination in eq. (50) has zero vacuum expectation value (and no Goldstone-boson component). In the limit where tan β ≫ 1 and M 2 H ± ≫ M 2 W , we can identify it with the physical component of H 0
Also in the up sector an effective FCNC coupling of the typeŪ i LŪ j R [H 0 U /tan β − H 0 * D ] arises: its structure can easily be read from L ǫY U in eq. (42), performing the rotation U L →V † U L . However, this term is less interesting than L D FCNC since in this case the a ′ i coefficients (defined in analogy with the a i ) turn out to be O(ǫ ′ i ) and not of O(ǫ i tan β) as in eq. (51). Charged-current interactions with the physical Higgs boson (H + ≈ H + D , in the large tan β limit) also receive O(1) corrections. Performing the diagonalization and neglecting, among homogeneous terms, those suppressed by 1/ tan β, we can write
where the explicit expressions of b i and b ′ i in terms of ǫ i and ǫ ′ i are 
FCNC transitions in the 2HD case
In this scenario the determination of the effective low-energy Hamiltonian relevant to FCNC processes involves the following three steps:
• construction of the gauge-invariant basis of dimension-six operators (suppressed by Λ −2 ) in terms of SM fields and two Higgs doublets;
• breaking of SU ( These steps are well separated if we assume the scale hierarchy Λ ≫ M H ≫ M W . On the other hand, if Λ ∼ M H , the first two steps can be joined, resembling the one-Higgs-doublet scenario discussed before. The only difference is that now, at large tan β, Y D is not negligible and this leads to enlarge the basis of effective dimension-six operators.
In the rest of this section we shall first discuss the general features of dimension-six operators, both for up-type and down-type FCNC transitions. Then we shall analyse in detail specific aspects of the second step, which characterize the case Λ ≫ M H .
Dimension-six FCNC operators with external down-type quarks
Since Y D is not negligible, in this framework we can in principle consider also ∆F = 1 operators built in terms of the bilinearD
which has not been considered in section 3. However, it is easy to realize that such terms are still very suppressed. Indeed in FCNC processes the two Y D cannot be both contracted with an external b quark: this implies at least a m s /m b = O(10 −2 ) suppression with respect to the first term in eq. (7). A similar argument holds also for the ∆F = 2 operator
It would not hold for (
, but this structure is not SU(2) L × U(1) Y invariant and therefore it can only arise at the level of dimension-8 operators (the absence of this term is a clear example of the discriminating power of our approach compared to a naïve analysis of dimension-six four-quark operators).
The only new structure involving right-handed fields which cannot be ignored is the ∆F = 1 scalar operator
In the case of B → X s,d τ + τ − transitions its contribution is suppressed compared to vector and axial-vector ones only by the product (λ d ) 33 (λ ℓ ) 33 , which may be of O(1). Second, and more important, in all B s,d → ℓ + ℓ − amplitudes its effect is suppressed only by (λ 2 d ) 33 compared to the axial-vector one which, in turn, is helicity suppressed 6 We shall discuss the effect of this operator in more detail later on. Here we simply note that, due to this term, the bounds on B s,d → ℓ + ℓ − decays reported in table 3 do not hold in a MFV scenario with two Higgs doublets and large tan β (as explicitly shown in [38, 39, 41] in the framework of supersymmetry).
In addition to the scalar operator in (56), in this framework we can generate a whole new set of vector and axial-vector operators inserting the spurion Y D Y † D in the O i of section 3. To be more precise, we can perform the replacement
By this way we generate a new set of terms which affect in the same way b → s and b → d transitions and are negligible in s → d ones. In the analysis of the unitarity triangle these new terms do not spoil the fact that |V ub |, ∆M B d /∆M Bs and |a CP J/ΨK | are insensitive to new-physics effects. However, they allow us to modify independently ∆M B d and ǫ K . As a result, in this framework there is no hope to distinguish the two solutions in fig. 1 . Similarly, the bounds in table 3 on b → (s, d) transitions obtained from s → d ones (and viceversa) do not hold anymore.
Finally, concerning dipole operators, we note that in the absence of U(1) PQ breaking the corresponding dimension-six operators are obtained from O G1,F 1 with the substitution H → H D . In this limit the corresponding bounds on Λ are completely independent from tan β. On the other hand, if we allow for a large breaking of the U(1) PQ symmetry, the bounds can receive receive O(ǫ tan β) corrections. For ǫ tan β > 1, when U(1) PQ -breaking operators become dominant, the bounds on their effective scales are (ǫ tan β) 1/2 times larger than those in table 1.
Dimension-six FCNC operators with external up-type quarks
Although substantially enhanced with respect to the one-Higgs-doublet case, FCNC transitions with external up-type quarks remain well below a realistic experimental sensitivity. This is because in up-type transitions the SM long-distance background is much larger than in the down case. Then long-distance contributions obscure possible tiny short-distance effects, which in our framework are strongly suppressed by the CKM hierarchy. To illustrate more clearly this point, we discuss the case of D 0 -D 0 mixing.
The basis (5) is not a convenient choice to discuss FCNC operators with external up-type quarks. In this case the most suitable basis is the one where Y U is diagonal and the non-diagonal terms are obtained from Y D Y † D . It is then easy realize that the only non-negligible operator contributing to D 0 -D 0 mixing is
This generates a contribution to D 0 -D 0 mass difference which, adopting the usual 1/Λ 2 normalization, can be written as
where η D , B D and F D are defined in analogy to neutral Kand B-meson systems. The numerical coefficient in (59) is more than one order of magnitude above the present experimental limit on ∆M D /Γ D . But, what is even more important, it is of the same order of magnitude of long-distance contributions to ∆M D /Γ D [42] . We then conclude that this observables cannot be used to put significant constraints on MFV models, even in the 2HD case at large tan β. Similar arguments holds for all rare charm decays which have a realistic chance to be detected. On the other hand, MFV expectations for cleaner observables, such as D → Kνν or D → µ + µ − [43] , are beyond the experimental reach, at least in the near future.
Integration of the heavy Higgs fields
The integration of the heavy Higgs fields leads to calculable contributions to the Wilson coefficients of the effective FCNC operators. These can naturally be separated in two classes: those which receive non-vanishing contributions already at the tree-level and those which are generated only at the one-loop level.
The only structures generated at the tree level are scalar operators of the type (55) or (56), obtained by integrating out the neutral Higgs fields in eq. (50). The leading b R -d L components of these two terms are
where, as in section 6, we denote by M H the common mass of the heavy Higgs fields in the large tan β limit. The most interesting effect induced by H ∆F =1 tree is a possible sizeable enhancement of B → ℓ + ℓ − rates, as discussed first in ref. [38] in the context of supersymmetry. Taking into account the pseudoscalar contribution plus the ordinary axial-vector one (induced by Q 10A ) we can write
The numerical result has been obtained by setting C 10A ≈ 1 (as in the SM) and using the B s mass. Note that in this case there is no explicit dependence on the b-quark mass since the m b factor of the Yukawa is cancelled by the 1/m b in the matrix element of the pseudoscalar current.
The ∆F = 2 term can induce a non-negligible contribution only to ∆M Bs . This can be written as
where B(µ 2 b ) ≈ 1 takes into account the ratio of scalar and vector matrix elements, evaluated at a scale µ b ≈ m b . Eq. (64) generalizes the result of ref. [44] obtained in the framework of supersymmetry. Note that, an important difference with ref. [44] arises already within supersymmetry, due to the fact that in eq. (64) we re-sum all the leading ǫ i tan β terms (hidden in the a i coefficients). As pointed out in ref. [39] , this makes an important numerical difference for ǫ i tan β = O(1).
The most interesting effects generated at the one-loop level are the contributions to dipole operators entering B → X s γ. Here we have non-vanishing results both from neutral-and charged-Higgs exchange. Using the effective couplings derived in section 6 we find
where the functions F
7,8 (x) can be found in appendix A [in our conventions C SM 7γ (M 2 W ) < 0]. These results extend those presented in ref. [37] . Even within supersymmetry we find a difference, since the neutral-Higgs-exchange amplitude and the ǫ 2 i tan 2 β terms in the charged-Higgs one (appearing only at the three-loop level in a pure diagrammatic approach) have not been considered in ref. [37] . However, since the neutral-Higgs contribution is numerically small, the effect of these new corrections is limited. Explicit formulae for the supersymmetric case can be found in appendix A.
If all the ǫ i are treated as free parameters, the three constraints imposed by B → ℓ + ℓ − , ∆M Bs and B → X s γ are completely independent. On the other hand, in models where the ǫ i are calculable these constraints can be combined, leading to interesting bounds on M H and tan β. This happens for instance in supersymmetry (see appendix A) where, to a good approximation, Motivated by this scenario, in fig. 5 we compare the three constraints employing eqs. (67), supplemented by the additional (simplifying) assumption ǫ 2 = ǫ 0 or ǫ 2 = −ǫ 0 . We use as variables ǫ 0 tan β and M H / tan β because all the effects, except the charged-Higgs amplitude in B → X s γ, depend only on these combinations. The B → X s γ bound has been computed assuming tan β = 50; it can be approximatively rescaled to other tan β values taking into account that, in the limit where the (small) neutral-Higgs exchange amplitude is neglected, the horizontal scale (of this curve only) should be understood as M H instead of (50/ tan β)M H . For comparison, we have also shown the limit imposed by the tree-level charged-Higgs exchange in B → Xτν τ [45] , which also depends only on ǫ 0 tan β and M H / tan β [46] :
As can be noted, while the constraints from B → X s γ becomes weaker for large ǫ 0 tan β (especially for ǫ 2 = ǫ 0 ), the opposite is true for B s → µμ and ∆M Bs . As a result, for any value of ǫ 0 tan β there is at least one FCNC process setting a bound on M H much stronger than the one imposed by B → Xτν τ .
In the case of the precise measurements of B → Xτν τ and B → X s γ, we have shown in fig. 5 only one curve, corresponding to a maximal enhancement of 25% with respect to the SM value (close to the 90% C.L. limit in both cases). In the case of ∆M Bs , where the new contribution leads to a decrease with respect to the SM value, the two curves denotes 50% and 75% of the SM expectation. Due to theoretical uncertainties on the latter, the present 90% C.L. limit is close to the 50% curve. Finally, concerning B(B → ℓ + ℓ − ), the two curves correspond to a possible enhancement of two or three orders of magnitudes with respect to the SM value (for ℓ = e, µ). At the moment the best experimental bound is set by B(B s → µ + µ − ) [15] , whose 90% C.L. upper limit is about 900 times the SM value. Clearly, B → ℓ + ℓ − decays still have a large discovery potential, for scenarios with large tan β, which will be explored in the future both at e + e − B-factories and hadron colliders.
Conclusions
The starting point of our analysis has been a general definition of MFV, in an effective-theory approach. The basic assumption of MFV is that the only source of SU(3) 5 flavour breaking is given by the background value of scalar fields Y which have the same transformation properties under the flavour group as the ordinary Yukawa couplings. The interaction Lagrangian of the MFV effective theory valid below the energy scale Λ is constructed, in terms of the SM fields and the spurions Y , by assuming flavour and CP invariance.
We believe that this definition of MFV leads to a realistic description of the minimal effects in flavour physics almost necessarily present in any extension of the Standard Model with non-trivial dynamics at the scale Λ. It would be unrealistic to impose the more restrictive assumption that all higher-dimensional effective operators are flavour invariant and contain only SM fields (and not Y ), since SU(3) 5 flavour is not a symmetry of the SM. Our definition of MFV is consistent with the existence of Yukawa couplings in the low-energy theory. Also, the more restrictive assumption indeed does not hold in known extensions of the SM, like supersymmetry. On the other hand, for an effective theory derived from supersymmetry, our definition coincides with the usual requirements of supersymmetric MFV: R-parity conservation, flavour-universal soft scalar masses, and trilinear terms proportional to the corresponding Yukawa couplings. In the case of supersymmetry, the effective-theory language employed here is just a useful bookkeeping device, but its use is especially suited for theories in which the dynamics at the scale Λ is not fully known or perturbatively calculable, as in the case of technicolour or theories with low-scale quantum gravity.
If the effective theory is built from the SM with a single Higgs doublet, we have found that all new (non-negligible) flavour-violating effects involve a single flavour structure λ FC . We have then presented a general classification of dimension-6 effective operators containing λ FC and we have collected in table 1 the present bounds on their coefficients 1/Λ 2 (assuming the presence of a single operator at a time).
The most stringent bound, coming from B → X s γ, is on the coefficient of the magnetic operator O F 1 , whose scale Λ is constrained to be larger than 13.4 TeV (for constructive interference with the SM amplitude) or 8.3 TeV (for destructive interference) at 99% CL. A narrow range of Λ around 3 TeV is allowed by the data (see fig. 2 ), corresponding to a decay amplitude equal in size to the SM value but opposite in sign. Leaving aside this fine-tuned case (or the case in which the contribution from the chromomagnetic operator O G 1 compensates the effect from O F 1 ), this result shows that B → X s γ poses a highly non-trivial bound on Λ, especially for theories in which this cut-off scale has to be identified with the electroweak scale, as in many theories motivated by the hierarchy problem.
The second best bound after B → X s γ is obtained, at present, by the CP-violating parameter ǫ K , which constrains the scale of the ∆F = 2 effective operator O 0 to be larger than 5.0 or 6.4 TeV (for constructive or destructive interference with the SM amplitude). This bound is determined within a global fit of the CKM unitarity triangle which, to a large extent, is not affected by the existence of the new operators. In particular, time-dependent CP-violating asymmetries in the B system are not by themselves, or when compared to tree-level processes, good probes of MFV models. If MFV is realized, deviations from SM expectations can be detected only by measuring the full strenght of FCNC transitions.
An important feature of the existence of a single flavour-violating structure λ FC is the possibly of relating predictions for various FCNC processes both in the K and in the B system. In table 3 we show limits on some FCNC decays (stronger than the present experimental bounds) derived from the MFV assumption and from data on other processes. If future experimental searches give evidence for violation of any of the bounds in table 3, not only will we discover new physics, but we will also learn that its dynamics at the scale Λ has a flavour structure beyond MFV. This will have important consequences for model building.
Moreover, the MFV interplay between various processes in K and B physics allows an interesting comparison between different experimental searches, as illustrated in figs. 3 and 4. For instance, future experimental investigation of the process B → X s ℓ + ℓ − is expected to improve the sensitivity on the coefficients of the operators O ℓ 1 ...ℓ 3 , and O H 1 ,H 2 . These new results (in case of a negative search) will strengthen the MFV limits presented in table 3. Because of its theoretical cleanliness, the process K L → π 0 νν has an even bigger potential for setting bounds on Λ, in the long-term future.
A significant difference in the analysis emerges if we construct the effective theory starting from the SM with an enlarged Higgs sector containing two scalar doublets. Since the bottomquark Yukawa coupling can now be non-negligible and even of order unity (when tan β is large and of order m t /m b ), then it is possible to construct flavour-violating operators with a flavour structure different than λ FC . We have presented a general procedure to include all new flavour-violating effects, when tan β is large. These effects can be parametrized by the eight (PQ-violating) ǫ coefficients defined in eqs. (42) and (41) , which modify the flavour-violating neutral and charged currents coupled to the Higgs bosons as given in eqs. (50) and (52). New significant contributions appear in several B processes, with the most interesting effects in B → ℓ + ℓ − and B → X s γ. These two processes play a complementary rôle in constraining the charged Higgs mass, in the large tan β limit, see fig. 5 . Indeed, B → ℓ + ℓ − is more constraining at large values of |ǫ| tan β while, for small |ǫ| tan β, B → X s γ becomes more effective.
The two-Higgs doublet analysis can also be used in supersymmetric models with large tan β. In this case, the ǫ parameters are determined by a one-loop diagram involving supersymmetric particles. Our procedure gives the exact result to all orders in ǫ tan β, in the SU(2) L -symmetric limit, therefore it effectively resums the leading terms at any loop level. With this technique, we have found two-loop contributions to B → X s γ mediated by neutral Higgs bosons and three-loop contributions mediated by the charged Higgs boson, which were not known but that can be non-negligible in the large tan β limit.
Appendix
A Higgs-mediated tan β-enhanced contributions to B → X s γ in supersymmetry
In this appendix we collect the formulae necessary to compute the ǫ i tan β corrections to the heavy-Higgs (charged and neutral) B → X s γ amplitude in supersymmetry. As is well known, these corrections do not vanish in the limit of heavy sparticles: using the general results of section 6, we can re-sum them to all orders in the SU(2) L -symmetric limit (v 2 ≪m 2 ). The dimension-four non-holomorphic terms generated at one loop by gluino and Higgsino diagrams [34] , computed in the SU(2) L -symmetric limit, can be written as 
In the limit where right-handed up and down squarks are degenerate, only two of these terms are independent and we recover the relations (67). The supersymmetric ǫ i induce four types of tan β-enhanced corrections, which all affect the B → X s γ amplitude: i) the modified relation between m b and the b-quark Yukawa coupling; ii) the modified relation between m t and thet R d L H + vertex; iii) the FCNCs L b R H 0 D coupling; iv) the modification of V ts . All these effects are taken into account to all orders when using the 
where F (2) 7 (y) = y(3 − 5y) 12(y − 1) 2 + y(3y − 2) 6(y − 1) 3 ln y , 
The contributions which have not been considered before in the literature, namely the tan 2 β term in the charged-Higgs part and the full neutral-Higgs amplitude, are numerically rather suppressed, except for large ǫ tan β. As illustrated in figure 6 , these contributions are essentially negligible, independently of ǫ 0 tan β, if ǫ 2 ≈ ǫ 0 . On the other hand, sizable effects arise if ǫ 2 ≈ −ǫ 0 . In particular, for ǫ ′ 0 tan β ≈ −ǫ 0 tan β ≈ −1, where the leading term vanishes, these higher-order contributions could even become the dominant non-standard effect.
B The Q i basis
Quark-lepton currents:
Non-leptonic electroweak operators:
Dipole operators:
